I. Introduction
Affine varieties are the solution sets to systems of polynomial equations in several unknowns. Let = 1 , 2 , … , be a subset of the polynomial ring where is a field of scalars and = 1 , 2 , … , . Then an affine variety defined by , denoted by or 1 , 2 , … , , is the common zero locus of the polynomial collection i.e. equals the set 1 , 2 , … , ∈ ∶ 1 , 2 , … , = 0, 1 ≤ ≤ . In words, affine varieties are points, curves, surfaces and higher dimensional objects defined by polynomial equations. For example, consider the polynomial collection 1 = 9 2 + 4 2 − 36, 2 − 2 − 9 ⊆ ℂ , . In ℝ 2 , 9 2 + 4 2 − 36 is an ellipse and 2 − 2 − 9 is a hyperbola where 1 = ∅ because no point of ℂ 2 satisfies 9 2 + 4 2 − 36 = 0 and 2 − 2 − 9 = 0 simultaneously ( Fig. 1) . Now interchanging the coefficients of 2 and 2 in the first polynomial of 1 , we have 2 = 4 2 + 9 2 − 36, 2 − 2 − 9 and 2 = 3, 0 , −3, 0 , (Fig. 2) , which is a nonempty finite subset of ℂ 2 containing the points 3, 0 and −3, 0 . Let us now consider the polynomial collection 3 = − 2 , − 3 ⊆ ℂ , , . Then the variety 3 is an infinite subset of ℂ 3 . It is a curve in ℝ 3 known as the twisted cubic (Fig. 3) . It is the intersection of the varieties − 2 and − 3 , which are the surfaces = 2 and = 3 in ℝ 3 .
The dimension of a variety , denoted by V, is defined to equal the length of the longest possible chain = ⊃ −1 ⊃ ⋯ ⊃ 2 ⊃ 1 ⊃ 0 . With this definition, since the smallest irreducible varieties are singletons, finite varieties are zero-dimensional, lines are one-dimensional, planes are of dimension two and so on. When we have one equation in ℝ 2 , we get curve(s), for example 9 2 + 4 2 − 36 and 2 − 2 − 9 (Fig 1) ; when we have one equation in ℝ 3 , we get a surface, for example − 2 and − 3 (Fig 3) . Thus in each case the dimension drops by 1. Now consider the case of two equations. For two equations in ℝ 2 , we get a set of points, for example 2 ( Fig 2) ; two equations in ℝ 3 give a curve, for example 3 (Fig 3) . Thus in these cases the dimension drops by 2. Since, in algebraic geometry we study geometry through algebraic method, it becomes abstract and difficult by its nature. Groebner basis removes this abstractness and presents algebraic geometry as much more practical and experimental subject. In many problems in the polynomial rings, we have to operate with ideals and finite sets of their generators. For a given polynomial ideal, Groebner basis is one of such generating sets with many nice properties. Groebner bases are so useful mainly because we can compute these. The main contribution of Buchberger was to give an algorithm, known as Buchberger algorithm, whose input is a finite set of polynomials and whose output is a Groebner basis for the ideal generated by the elements of . Here in Section 2, we give a very short note on the construction of Groebner basis. In Section 3, we show that how Groebner basis helps us computing free set which directly determines dimension of affine varieties.
II.

Groebner Basis
The simplest polynomials in the ring are the monomials, which are the polynomials of the form
, where we define = 1 , 2 , … , ∈ ℤ ≥0 . We set = 1 + 2 + ⋯ + and call , the degree of the monomial . For 0 ≠ ∈ , is called a term in and is called the coefficient of the term . Every polynomial ∈ is a finite sum of terms. For algorithmic purposes, we need to impose an ordering (>) on the monomials in so that the terms in a polynomial are always ordered. One of the most commonly used monomial order on is lexicographic(lex) monomial order. Please see [1] for more detailed. For , ∈ , > if in the vector difference − ∈ ℤ , the left-most nonzero entry is positive. Now let = be a nonzero polynomial in and let > be a monomial order. Then max w.r.t.> ∈ ℤ ≥0 : ≠ 0 is called multi-degree of and is denoted by and the term such that = is called the leading term of and is denoted by . For an ideal ⊆ , the ideal generated by the leading terms of is called leading ideal of and it is denoted by . Then a generating set = { 1 , 2 , … , } is said to be a Groebner basis for the ideal if 1 , 2 , … , = . Since every leading ideal is finitely generated Groebner basis always exists. The algorithm ⟵ 1 , 2 , … , , > [2] returns Groebner basis with respect to the monomial order > for the polynomial collection = 1 , 2 , … , . But Groebner bases computed in this way varies according to the monomial order chosen. However, this confusing is removed by introducing reduced Groebner basis which uniquely exists for any polynomial ideal and does not depend on monomial ordering [1] . A reduced Groebner basis for a polynomial ideal is a Groebner basis for such that for all ∈ , coefficient of equals 1 and no monomial of lies in the ideal − . The algorithm ⟵ 1 , 2 , … , , > [2] returns reduced Groebner basis for the polynomial collection = 1 , 2 , … , . We note that the reduced Groebner basis for the whole ideal , the collection of all polynomials in the variables in , equals 1 [1] .
III.
Computing Free Set
Free sets are closely related to the dimension of affine varieties. The dimension of an affine variety equals the cardinality of the free set. Therefore computing free set is the other word of determining dimension of affine variety. Let = 1 , 2 , … , ⊆ be given. Then a set ⊆ 1 , 2 , … , is said to be free in with respect to the ideal if no monomial in the variables in appear in the leading ideal . For example, consider the ideal ⊆ ℂ , where ( ) = 2 , 4 . Then the free set in ℂ , with respect to contains only the variable i.e. = , because in this case no monomial only in the variable is in 2 , 4 . The following proposition shows that we can describe an algorithm for computing the free set with respect to a given ideal.
Proposition: Let = 1 , 2 , … , ⊆ ℚ and a monomial order > be given. Then there is an algorithm for computing the free set in ℚ with respect to . Proof: Here we present the algorithm ⟵ ( , >) in pseudo code which returns the free set in ℚ with respect to the ideal . for any , it updates by removing from it so that contains only those which are free in ℚ with respect to the ideal . It also updates by removing to prevent the repetition of same monomial match. Once continuation of the process stops either if = 1 or if every ∈ 1 , 2 , … , is added to and checked for monomial match. Therefore, at the end is left containing only those variables which are free in ℚ with respect to the ideal . □
IV. Computing Dimension
Here we recall the dimension criterion theorem [3] and the algorithm " ⟵ ( , >)", to complete our answer. The dimension theorem states that "For given ⊆ and a monomial order >, the cardinality of the free set in with respect to equals dimension of i.e. = dim ." Therefore, to compute the dimension of the variety of a given polynomial collection ⊆ , we need only two steps-∶= ( , >) and then ∶= . For example, since no monomial consisting only the variables and is present in the ideal = , , the set = , is free in ℂ , , with respect to . Hence the dimension of the variety equals = 2. On the other hand, dimension of a variety containing more than one irreducible component is same as the maximum dimension of its irreducible components [4] . Since the only irreducible components of variety , are the plane and the axis (Fig 4) , the dimension of , equals two, the dimension of the plane.
V. Conclusions
Developing a good theory of dimension is a challenging problem in the area of algebraic geometry. Idea of free set gives easier option to this demand and more others. Recalling the dimension criterion theorem and our algorithm for computing free set allow us to solve the dimension problem completely. Since this algorithm uses directly the definition of free set it becomes time consuming in case of the polynomial collections with big Groebner basis. However, the ability of computing dimension of affine varieties must give strength to further studies in this area.
